We establish an anomaly formula for Ray-Singer metrics defined by a Hermitian metric on a flat vector bundle over a Riemannian manifold with boundary. We do not assume that the Hermitian metric on the flat vector bundle is flat, nor that the Riemannian metric has product structure near the boundary. 
Introduction
Let X be a m-dimensional compact smooth manifold with boundary ∂X = Y , and let F be a flat complex vector bundle over X, with flat connection ∇ F . We denote by H • (X, F ) = m p=0 H p (X, F ) the de Rham cohomology of X with coefficients in F with absolute boundary conditions. If E is a finite dimensional vector space, let det E := max E, and denote by (det E If Y = ∅ and h F is flat, · RS det H • (X,F ) does not depend on g T X . The Cheeger-Müller theorem [6, 12] tells us that, in this case, the Ray-Singer metric can be identified with the Reidemeister metric, which is a topological invariant of the flat bundle F . Müller [13] extended his result to the case where m = dim X is odd and only the metric induced on det F is required to be flat. Bismut and Zhang [2] generalized this discussion to arbitrary flat vector bundles with arbitrary metrics and showed that in even dimension, the independence ceases to hold. There are also various extensions to the equivariant case, cf. [9, 10, 3] . Now consider X with Y = ∅. This case was studied in [9] and [10] under the assumption that h F is flat and that g T X is product near the boundary. Dai and Fang [8] were the first to study this problem with flat h F but without assuming a product structure for g T X near Y , by methods completely different from ours.
In this Note, we announce an anomaly formula for Ray-Singer metrics in the general case, allowing arbitrary Riemannian metrics on X and arbitrary Hermitian metrics on F . Our method also leads to a local Gauss-Bonnet-Chern theorem [7] for manifolds with boundary. The full details of our results are given in [5] .
Analytic torsion for manifolds with boundary
Denote by (X, F ) := 
Next we define self-adjoint extensions of D by elliptic boundary conditions. We use the metric on X to identify the normal bundle N Y/X to Y in X with the orthogonal complement of T Y in T X|Y . Denote by e n the inward pointing unit normal vector field along Y . Then we put, with i(.) interior multiplication,
The operator D a is essentially self-adjoint and we denote its closure also by D a . By the de Rham-Hodge theorem for manifolds with boundary,
By Theorem 2.1, θ F a extends meromorphically to C, and 0 is a regular value. DEFINITION 1.2. -The Ray-Singer analytic torsion of X with coefficients in F is defined by 
Anomaly formulas for analytic torsion
The objects which follow will be defined more precisely in Section 3.
Using the notation in Section 3 to the metrics g T X s = g T X , we denote byṘ T X ,Ṙ T X |Y ,Ṡ the corresponding forms defined in (11), (12) . Then the following result generalizes [2, Theorem 7.10] to manifolds with boundary.
Let · det F be the metric on the line bundle det
be two couples of metrics on T X and F . We will use the subscripts 0, 1 to distinguish the corresponding objects. Let ∇ T X j (j = 0, 1) be the Levi-Civita connection on (T X, g T X j ) and put θ(
; this is a closed 1-form which vanishes if the metric
be the secondary relative Euler class defined by (18), and let B(∇ T X j ) (j = 0, 1) be the m − 1-form on Y defined before (15). In (16), we define also the integral on X of a form in the relative complex (X, Y, o(T X)).
Now we can present our main result which generalizes [2, Theorem 0.1] to manifolds with boundary.
be two couples of metrics on T X and F . Then
Outline of the proof. -We can guess the first two terms in the right-hand side of (6) 
Moreover,
Eqs. (7), (8) (7) when t → 0. By using the local index technique in [2, §4(h)], we get the local contribution of (6) in the interior of X. To get the local contribution of (6) from the boundary, we use three ideas. First, we rescale the Clifford variables along Y , secondly, we use a special trivialization of the vector bundles involved adapted to the boundary situation, in order to get a manageable limiting boundary value problem (this special trivalization has already been used in [1, §13 (d) , (e)], in a different context). Third, we introduce two extra Grassmann variables and a strange rescaling. ✷
Secondary classes for manifolds with boundary
In this section, we use the formalism of Berezin integrals to express certain characteristic classes which naturally arise in our anomaly formula (6) .
For Z 2 -graded algebras A, B with identity we introduce the Z 2 -graded tensor product A ⊗B and define A := A ⊗I , and B := I ⊗B. Also, we write ∧ := ⊗. Let E and V be finite dimensional real vector spaces of dimension n and l, respectively. Assume that E is Euclidean and oriented, with oriented orthonormal basis {e i } n i=1 and dual basis {e i } n i=1 . Then the Berezin integral [2, §3(a)], [11] is the linear map
where the normalizing constant is given by 
Near the boundary, we only consider orthonormal frames with the property that e m (y, s) = e n is the inward pointing unit normal vector at y ∈ Y with respect to the metric g T X s . Now let {e α } 1 α m−1 be a local orthonormal frame for T Y, such that {e α } 1 α m−1 ∪ {e m } is an orthonormal frame for T X |(Y × R). We set on Y × R,
We will denote by
Then
The form 
In [5] , we give a new derivation of (15) by establishing the corresponding local index theorem by using heat kernel methods. 
